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I
SECTION I

I NTRODUCTION

The general approach to the simulation of a nuclear electromagnetic

pulse using a radiating system consisting of planar sources has recently

been considered from a qualitative point of view~
11 and methods of launch-

ing the required transient fields are currently under investigation. Such

planar arrays c nsist of aperture sources having tangential electric fields

which arc excited in the appropriate time sequence and spacial distr ibutioi1

to obtain a desired far-field distribution. Techniques for launching the

required waves for the simulation of an electromagnetic pulse have been
1 ’, -.

• • • 1’~ ~~,discussed in previous work on pulser arrays.

The purpose of this investigation is to analyze the transient radiated

fields of planar arrays of sources which might be used to simulate a

nuclear electromagnetic pulse (~~ v~~ ) .  This work will not consider the problem

associated with the excitation of the planar sources, and, consequently, the

arrays studied will consist of sources with known aperture field distri-

bution and “time-delay” distribution.

The first phase of the investigation consists of the analysis of the

time-history of the far-fields of an array on N infinitely long slots in a

perfectly conducting infinite plane as shown in Figure 1. The analysis of

this array having known electric field distributions is based on a Green ’s

function approach to the problem. A two-dimensional space-tine Green’s

function for a single line of unit amplitude located on the plane i s pre-

sented, and the actual time and amplitude distribution for each source js

incorporated in the solution for the far-fields through the use of appro-

priate superposition integrals and the Green’s function. The related in-

•, ,.,,, ... — ‘ a., .-~~~-- ,.- •• - .. a. • . - .— - • a., -- . -
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-
- vestigation of Sections II and III is based on the numerical evaluation

of this mathematical fonitulation.
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I~\.\~ l (N ’! It~ ) 1. -~l’E1) Ft  FLI 1S FOR ,•\ S I N( L . 51- 01
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In t h i s  sc :t ion , the t ransient radiated fields of a sing 1 e slot ‘ne

Jcrivcd is a f i r s t  Step in the analysis c t  the ar ray  of p l a n a r  Slo t  ~ in

a n in  t i n  i t  c , ne st ect lv conduct ing , (round plane as shown in l i gu re 1

- ‘ 
t h i s , t ee idea I i  :.c~1 n y- h tern consists  of a known tanscut ial e l e c t s  ic I i ’  Id

d i s t r i b u t  ion in t h e  p 1 - i c wh er e  v = (1 which is o u t l i n e d  in Fi gure 2 . -or

s eel L i t ’- , oni the e le c t r i c  I i  e ld con yn i ”nc fl t  , E (x ,t~ , is a - .sii mcd over

the s lo t  w i d t h  d , and the tangent in I e l ec t ric  f i e l d  is assumed to he

:eio e l se wh ere  on the plane as a resul t  of the ideal i :eJ conducting planes;

I n  , the  anal vs is of the Ic 1 ; i t  ci component or the comb inations of

s in, ! co :iIponCI’it s can he oh ta ~ncu in a s im i 1 at- manner. ‘ I’hc t e-  “ dimens cal

coordinate sest em used in the mathemat ical  lormulat ion is  shiowit in  hi crc 3

shore the requ i red d i  stance factors arc defined for the assi.mied source and

f i e l d  p o i n t s .  ‘I he med i um is assumed to he that  of free space, i . e .  =

= 
~~~~~ 

i = 0 for v 0.

because the tangent m l  field distribut ion is known evcr\i~here on the

] v = 1) plane , the analy sis  reduces to a problem of develop i ng mathemat ica l

express ions  for the direc t computation of the t rans ient  radia ted  field s .

(Sic ippi’o’ ich to this problem is to invoke the surface-equ i va lence th coi’ ee

t i  o b t a in  ccc iva l ent surface currents from which the desired fields can

Iw’ , ‘) l lfl ) i I t e~h 
- in t h i s  case , from Figur~ 2 and 3 , only a magnet ic  sur Saco

cur ren t  dens il o e x i s t s ,  wit ich is

= ~ ~~ 
‘1

a X x

= i~\ O~
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a

where F~ is the assumed electric field distribution existing or1 the

infinite-length slot of the original problem and the ~ ‘s are the unit
a 

vectors in the space. The equivalent problem for y > 0 consists of an

electric conductor in the plane y = 0 (i.e., zero fields for y < 0) witi .

a magnetic current density, 
~~~~~

, residing on the surface as dcpi ct od 4 ri

Figure 4A. This equivalent problem can be formulated in tc -rn s of image

theory to obtain a solution for the original boundary value problem whore

the total magnetic current density is

= 

~~~ 
~~(~~ ) 

= 
~~~ 

~~~~~
‘
: 

= 2E~~ (2)

Hence , the equivalent problem of a sheet or ribbon of magnetic current

as shown in Figure 4B can be used to analyze this  two-dimensiona l pro-l ien.

An expression forthe transient fields of the strip of magnetic current

can be derived in terms of electric vector potential from Maxwell’s equa-

tions for time dependent fields. Thus, since the problem involves only a

source of magnetic current density, i.e.~ T = 0 , p = 0 , p~1 — 0 , Maxwell’ s

equations for this problem in free space become

V x ~~~~ =~~~~~~~~ (3)

-
~~~~ V x E = - ~y

0~~~~ - M  (4)

v . I T = o  (5)

• and v . ’
~
• = 0  (6)

I
where all field quantities are functions of both time and space. In this

homogeneous media, the electric field can be represented in terms of an

electric vector potential, ?,as
7
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y,y I

Magnetic Surfa ce

_ _ _ _ _ _ _ _ _ _ _ _ _  

,/
ICurren t Density

x ,x ’

~~Electr ic
Conducto r

Figure 4A. Equivalent slot problem (z is pointing out
of the page).

y ,y SImage In Electr ic
Conductor Plus
Magneti c Surface
Current Density

H I ®O®u000 I X ,X

Figure 4B. Equivalent slot problem using image theory
(z is pointing out of the page).
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a

a ~~~~ - V x T  (7)

-• because any divergenceless vector is the curl of some other vector . l~ith

thi s vector potential representation , the magnetic field can he represented

-in terms of I’ and the gradient of a scalar as

-!~
‘ -~~~ - V c ~ (8)

where is the magnetic scalar potent i~il. From the previous equations ,

it can be shown that the vector potential ntist satisfy the wave equation

c2v2T - = -c2 (y) (9)

where a Lcrent z gauge

is assumed for c = l/(p0c0)
1’~
2 and ~ = M5(x ,z,t)6(y).

The far fields can be computed in terms of the electric vector po-

tential from the previous equations if equation (9) can be solved in terms

of the known magnetic current density. In this case, it is desirable to

reduce the potential wave equation with associated boundary conditions to

an integral expression which is more amenable to numerical analysis. Such

an integral expression can be obtained through the application of the

Green ’s function method for the solution of differential equation.

The problem as shown in Figure 4 reduces to a two-dimensional problem

in free space where the solution is valid for y > 0, and equation (9) be-

comes a scalar wave equation,

9
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, - ,  ~~f
c v  f~ - —-~~-~~- = -c M (x,z,t) 6(y) (11)

-

because from equation (2) only a z component of exists. Since this

is a free space problem, the related space-time Green’s function is the

pr  inc i~~a1 s-~ lut  on of r ! i . -’ n.~~I i e r t .-‘q 1;i Lion ,

2 ~~~~ G0 
- 

~~~~~~ 
-~ (x ’-x , y’-y, t -t )  (12)

c ~~t

• [ 8]which has the solution

0, R>C(t-t)

G0 (x ,y, t~x ’ ,y ’ , T) = (13)

1; ~~~ [c2 (t*t) 2 *R 2 i ’2J~
R<c (t T)

for

R = [(x? _x)
2 

+ (y’-y)2J (14)

as defined for a general unit line-source in both space and time in Figure

3A. Special boundary conditions at infinity and causality requirements

dictate this solution where the variables of (11) have been interchanged to

insure proper function dependence in the integral solution of equation (11).

This Green’s function is the characteristic two-dimensional solution for

the scalar wave equation caused by an infinite line source excited at ~ = t .

Actually, since the line consists of many point sources which radiate

spherically, a response at some distance R0 is first experienced at t = t

and subsequent response occui~ for t ’ s > t; thus, the response decays accord-

ing to equation (13) as shown in Figure SB.

10
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y,y

Figure 5A. Line source representation for a two-dimensional
Green ’s function (pictured for y ’ O).

c(t — r) R
Figure SB. Space-time Green ’s function for two-dimensional

wave equation in free space.

I

11

~ 

i.’ :~: : ~~~~~i



Ilirough the use of the appropriate Croon ’s theorem and init ial

c and i t  1011S , a solut ion of the inhomogencous wave equat ion (11) can be

CXI)1 ~sscd in terms of a superposition integral and th i s  Green’s Function

f l A , v , t) = J J J M 7 (x ’ , v ’ ,1)G
0

(x ,y, t t x ’ Jy ’ , r ) dx ’dv ’dT (15)

shore the required frcz~ space boundary conditions and c a u s a l i ty  e l i r a n a t e

all contour contribution s and T exceeds any time t at which the sol u t lin

may be sought. ~ow , si nce the source exists onl y in the x -z  plane (y 0) ,

i.e . M~(x ,y, t ) = M
~

(x ,-t) 6(y), then equation (15) becomes

T -s.
f7(x,y,t) = J J M7 (x ’,t)G0(x ,y , tlx ’,O ,T)dx,dT (16)

0 -co

which is an integral fornula for comput ing the electric vector potential

for planar two-dimensional sources of known electric field distribution

through the use of equation (2).

The time dependent or transient fields radiated in the far-field

of the two-dimensional , planar source can be expressed in terms of equa-

tion (16) with the aid of the expressions of equations (7) and (8). Thus ,

4

~~~~
= -v x ~j  M (x ’,T) G~ (x ,y, t~x ’ ,0 ,t )dx ’dT (17)

~- ) J  Z
0 *co

and
= M~ (x ’,t) Go

(x
~Y~tIx ’~ 0~t)dx’dcJ (18)

t

12

~ 

HL~~~



where the scahr potential component of the IT-field equation is zero in

this two-dimensional problem. In the three-dimensional case, this term

can he dropped because it has a higher inverse power of distance than the

tune derivative term, and, therefore, the scalar potential contribution

is smaller than the vector potential contribution to the field at large

distances. h owever, the scalar potential contribution could be expressed

in terms of the vector potential using the Lorentz condition of equation

(10) and, thereby, included in a complete three-dimensional formulation.

The field formulations of equations (17) and (18) are not readily solved

using numerical techniques in their existing forms , but for some simple

magnetic current density representations these expressions can be reduced

to forms with tractable numerical solutions. One simplification which

greatly reduces the numerical computation required is the use of a step-

function dependence in time such that

M (x ,t) = M
~
(x ) u (T) (19)

where other time dependences can be obtained from a superposition thtc-gral

based on the suit~nation of step function responses.~ ’ For this case of

a planar array excited at ~ = 0 with a step function dependence, the field

expression becomes

= -v x 

~ I: Mjx’) [I G0 drJdx
I (2 0)

and T

~~~
= 

~~~~ 
E c o

M
Z

~~~~~~~~~~~~~~~ 

GodTJdx
’J 

(21)

13



~

where the funct ional dependence of the Green’s function has been dropped

for simplicity. In the present form, equations (20) and (21) re-

quire double integration to compute the field quantities which is usually

undesirable in numerical analysis; however, the integral in the dummy time

variable of the Green’s function can be obtained in a closed form. From

equations (20) and (13), this integral becomes

~ çt-~c 1 2 1
i 

- 

‘T J [c2(t-t)2-R2]1”2

and, if the change of variables r~ = t -t , dn-1 = -dt, and R/c = b are used ,

then

rb
G —~~~~ -dry 

~23~ 
—

1 
— 

~~~~~ ~ (n2_b2)l~’Zt H

~oto that the upper limit of (23) is evaluated at T = t-R/c because G 0 0

for T > t-R/c. The unit step response, G1, of an infinitely long line

of magnetic charge density can be obtained in a closed form using the

indefinite integral form~~
G]

J dx/ (x2 -a2 ) 1
~
’2 

= ~n(x+(x
2-a2)1”2)

as G
1

(x ,y, tlx ’ ) = ~n [t 
+ /t~~(~~c) 2]; t > R/c (24)

Finally, the field expressions of equatior~ (20) and (21) can be

written in terms of the step response of the infinitely long line (equation

.3) as

= -v x 
~~ 

M
~

(x ’) G1(x ,y, tjx ’)dx’ (25)
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and

~~~~
= c 0~~[j M7 x )  Gl(x~Y~t~x~)dx

tJ 
(26)

The individual field components can now be obtained in cylindrical

coordinates defined in Figure 3 as

E~~ 
= 

-co 

M
~

(x ’) _
~i dx ’ (27)

(28)

and
= 

~~ 
Ma x ’) ~~l ~

, (29~

where differentiation under the integral sign is valid in all cases be-

cause the limits and variable of integration are independent of the

differentiation variables. If the chain rule for differentiation of corn-

posite functions is used, the partial derivatives of the integrands of equa-

tions (27) and (28) can be evaluated as

K1(x ,y,t,x’) = = .

- 
[t(t 2 -(R/c) 2) 1”2 +t 2 j[ p -x - costhJ (30)

Zin R2[t(t2-(R/c2)”2+t2 - (R/c) 2 ]

and K~ (x ,y,t,x ’) = 

~
;.5-

~
- = .

= 
-[t(t2-(R/c)2)1”2+t2}x ’sin~ (31
2~R

2[t(t2-( c) ”~+t
2-(R/c)~]

15
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where G1 and R are differentiable over the region t > R/c and R and p

are defined in the polar coordinates of Figure 3 as

‘ 2 2 1/2R = [p sin ~~ + (p cosq -x ’) 1 (32)

and p = [x 2 y2J~~
2 

(33)

such-i tiiat = 
p-x ’ cos p 

(34)R

and = 
px ’ sin~ (35)

Equations (27) , (28) , and (29) can now be expressed in simplified

terms as

= L M (x ’) K1(x ,y,t,x’)dx ’ (36)

E = M~(x’)K 2(x,y,t,xt)dx
t (37)

and Hz -J Mjx’ ) K3(x ,y, t,xt)dx t (38)

where K1 and K2 are defined in equations (30) and (31) and

K3(x ,y,t,x ’) = ~G1/3~ 
. C

0

C
O 1 -= 

~~~~ (tZ_ (R/c)Z)V2

Equations (36), (37), and (38) are general expressions for the three

far-field components produced by a two-dimensional source of z-directed

magnetic current density for an assumed step function excitation in time.

16
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These f i e l d  c~~t f lp onent s  can be r e l a t e d  to known x — d i r e c t e d  e l e c t r i c  f i e l d

d i s t r i b u t i o n s  t h r o u g h  the u se  of equa t ion  ( 2 ) .

I
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slNDlL- AND Ml Il :lIPLF — hi ~~~NJ ARl~A’iS Oh ~~ l ,OTS

l i i i Li )N ~- ; l \ N 1 SO1H~CE 1) 1 STRI bUT iON

~ 1i- ~( ; IJ - :  SLOTS

In th is  invest i ~at ton , slot  sources o f ~~osin cons tan t  ci ec t i - i c

Field d istr ii:n t iori are of nn -irna rv interest. Consequently, as a fi.rs~

sf0 1) i ri the s I at i ni of the re latci nroblem , the si op le slot with an

x-d irected e lect r ic Field distribution such that

~
1 ( \ ’)  = l~)[ti(x ’+dJ2) - u (x ’ -d/ ) I (4~)

is ;inalv:ed [he t rans ient l ie ii c npon ~-nt s for the single slot of

l i gur~~ 3 and -lb s ~th constant source d i s t r i h u t  ion are , from eouations (36)

throu gh (3~ and (40)

e~ = = 
2] K1 (x ,v ,t ,x ’)dx ’ (41)

-d/ 2

F 1d/2
e = = - 2  

~ K~ (x , v ,t , x ’) ~ x ’ (4 ~~
p I ) •_)  -.

-d / 2

= (1/ 2
and h = = -::

o] 
K _ ( ~~, v , t , x ’ )dx ’ ( -Is

—

where each component has been normal ized to an appropr iate  constant and :~
is the character ist Ic impedance of lice sp ice .

The expressions of equat ions ( I I ) .  ( i ~~ , and ( 43~ are of the super-

posi t  ion or convo irit  ion type integra l form w h i c h  can readi lv he represented

i n grap h i ca l  form , as shosi in hi gure b .  In this case , th es e  pioh l c-as

re- i st of the convolut ion of a constant amplitude pulse func t i on  in space

and the appropriate sharply peaked , kernel function . Integrabic

18
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Kernel Function

O<cfr<7r/2 
I

Normalized Field
_ _ _  

i Distribution

d/2 -d/2

or xI=x _ V i~~y2

Figure 6. Graphical representation of the field integrals
for a single strip .
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singu1ariti~ s of the kerne l functions do appear in the spatial coordinate

x ’ f o r  t R / e  where R is the distance between the field point and source

point. Thus , fo~ a 5 iv e n  point  in cpace (x ,y)  and a time ( t )  , the magni—

t~~dc of the field is related to the total area underneath the curve de—

m e d  by the shaded section in Figure 6. For the general -a::& (;. 0), a

solution which increases from zero to a maximum value followed by a mono—

tonically decreasing magnitude as a function of time can be obtained for

the e and h field cor~monents. However , the expressions for the e corn—

pone l i L is a direc t f u n c t i o n  of x ’ and sin - (see equation 31), and this

- , component vanishes on the plane y = 0 (
~ 

= O ,r). In addition , this

i unctional dependence can change the polarity of the integrand of equa—

— tion (42) because x’ is an odd function which leads to field expressions

for the e component that are either positive or negative depending on

geometry of the problem. The magnitude of the time—history of the e corn—

ponent is similar to that of the e~ and h field components unless the

origin of the coordinate system lies within the slot. The single slot of

Figure 45 is symmetrically spared about the center of the coordinate

~v s t e r n , and , as a result ~ 1 the “oddness ” of the integrand , the time—

h i s t o r y  of the component has both positive and negative excursions .

The rise—time of each of the wavefo~~s of these field components is

related to the “delay—time ” between field contributions propagating from

the closest and furthest source points on the slo t in relation to the field

point (dcc Figure 3 for geometrical configuration). This rise_time *. t ,

can be defined as the time required for the field to increase from zero to

one—hundred percent of its maximum or peak value . For narrow slots , it is

a di r ect f unc t ion of t h e  width for e , , e (in all but the special cases),

*This rise—time definition is valid only fo r single slot element re—
sponses w h i c h  i u :r c a s e  monoton ica l ly  as a func t ion  of t ine  to some peak
v a l u e .

20
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and h I s i s  a n t i c i pated i ron t h e  ‘‘ tu rn  On ’’ p o in1~ . in the  g r a p h i c a l  r c ( r e - s

tat ion of spat m l  co~ivc1u t ion in h i  du1~e P . For la rge i s t ; 1 n c e -~, i i  -can

he shown that the prey iouslv defined ris c- - t ime For thc- ~e f i e l d  coflrnOncnt S

can bc exp res sed  in norma i i  :cd fo rm as

T r 
= ~ r 1R 0/c) = ( d / R 0 ) c osq  (4 1

where R R
11

-d cos ~~ , t r is the total  r i s e -t i m e , R0 
is  t h e  di  st an -c e  From ’ r - -

center of the s b :  to the f i e l d  po int , and d is the t o t a l  w i d t h  of  n e

lot . Equat ion ( 4 4 )  , though approximate , clearly m d  icates t h a t  the

normalized risc-time is a sensitive function of the ang le  ~ - , p arti culailv

around ~ = ii/2 , and that  the smallest rise t imes a r e  obtained for i:~~d~ ide

prop~~ation  (~ = r / 2 )  and small width-to-distance at 1)5 .

.~\fl approximate express ion for l a t e — t i m e  behavior of the eg~ coa :s)r1en ~

of the rad iated  e lec t romagnet ic  at large d i stancn~ can be ohta ~~-C i i  I O C ~ i v

from the  magnetic f i e l d , h , . in  the fo r -  f i e l d , i .e .  J / R ~ < <  1 . t h ~ ~ h - c t  n c

f i e ld  is related to the magnetic f i e l d  by the  characteri -~t ic i~- ;pvd rnce

of free sp ace ;  thus , from equat i ors I 35) and ( 4 3 )

e~ - 

1

d/2 
1 - 15)

-(1/2 [(Ct - R 1

when t > R/c such that ii  response from each p o i n t  on lie- slot is i-x p c - r i c r l c e i

a t  the field point. Daunt ion ( 15) can now he cx ressed as

d /2

e~ =~~~~
J 

— 
___ 

~~~~~~~~~~~ ( 1 ( 1

d / —  [a + bx + cx ’ ’

I
which s integr’ahle in a closed form , where iron he ge w c t  re of tue

s i n g le  s l o t ,

21

E~
-. — ~~~~~~~~~~~~~~~~~~~~~~~~ —- .~‘- “.~~~ ~~~~~~~~ . “  ‘ ‘~~ . — ~~ ~~ - -~~~~~ -- ‘~~‘~~~~~ - 1

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _ _ _



r 
- -  — ~~~~~~~~~~~~~ ----- -w -~~~~~~~~~~~~~~~~~~

- 

‘ 2a = (ctY -

h = 2R 0 cos~ ( 4 )

and C = -l

This I n t e g r a l  has a solution

I dx ’ I . -1 -2cx -h

J )a + hx ’ + cx~2}
U2 ~~~~

thus , tn approximate expression for the electric field component in the

di rec t ion  is obtained in the form

~ 
[ -l cos~ +d/ 2R 0 -l cos~ -d/2R 1

e = - — I  sin ~— -sin __________ I ( 4 9 )

~ 
[ ~~~~~~~~~~ ~~~

2
~~~~

2
ij

where = t/(1
0
/c) , and

-, 1/2
T q ~ [1÷ (d/R

0
)cos~+(d/R0Y] (50)

f o r  l a t e - t i m e  behavior . Of course , eauation (49 )  is related to an exact

closed - form expression for h z based on eauation ( 4 5 ) ,  i . e .  e2 = : 0h~
; and

for t = i r / 2 , the equation (49) reduces to a form

2 1 d/2R
e - — sin (5 1)

where i t  can eas i ly  he seen that  these components decay in time. Note

t hat for -r = [1 + (d/ 1 R 0) — ] in equat ion (51) , which is at the peak a F

th e waveform ,

-l (52)

22
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for the special case when ~zir/2 . In addition, it is recognized that

equation (49) is quite general and can he employed to compute the complete
- ‘ late -time behavior after the peak has occurred for both the h

~ 
and e~

components for small slot-width-to-distance ratios.

A numerical solution procedure for computing the time-history of

the field components of equations (41), (42),  and (43) has been developed

and programmed for a digital computer. This procedure is a straightforward

application of numerical integration using an open-ended Gauss quadrature

fornula for the treatment of the singularities of the kernel functions.

The application of numerical integration in time-domain problems dis-

cretizes the representation of theintegral, i.e., the total field js the

sum of weighted, time-shifted contributions from a finite set of points

- i on the slot because of the inherent time-delay between integration points.

As a result, care must be exercised to insure that the spat ial variable

of integration is “sampled” at a sufficient number of points to obtain a

convergent integration, especially in the rise-time region. This problen

is pronounced for small observation t ime increments , and an insufficient

number of integration points results in an irregular waveform consisting of

a serrated shape during the early-time response of the function.

The time-history of the computed field components using this numerical

procedure is characterized in Fii~u r c s  7 t h r o u g h  1~ as / i a r  ion 01

normalized parameters

= t/(R0/c) (53)

and ~/ (r/2) for three slot-width-to-distance ratios , d/R0,along with

approx imate fields from equation (42 ) . As can be seen, each e~ and h

23
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field component exhibits a finite rise-time characteristic followed by a

decreasing magnitude as a function of time which rapidl y approaches a

limiting late-time behavior. Note that the peak of the functions occurs

later in time and that the peak value decreases for decreasing v~tl ues of

~4 -/ Cr r / .~) .  This “spreading out” of the waveforms is a result of the t ime-

delay experienced by the propagated waves from the slot as a function of

angle which is related to the “dispersion effect” in the frequency domain.

The computed trans~~nt behavior of the fields of equation (41) can be used

to illustrate hew the “spreading” or total rise-tine of the waveform varies

as a function of observation angle for the e~ component of the single slot

as shown in Figure 16. Again the curve emphasizes that the rise-time is

dependent on angle of observation and that it changes most rapidly near

broadside (i~=r/2).

— It is interesting to note that the numerical results of Figures 7A ,

8A, and lOA indicate that the time response of a single stri p has a short , Jut

finite rise-time for ~/(itfZ) = 1.0 (i.e.~broadside to the slot). IThis

apparent rise-time is a result of the numerical convolution algoritlur , -md

it can be shown that the actual time response has zero rise-time in this

special case as inferred in Figure 16. From Figurei6 , it is seen that thc-

early time response for •/(ir/2) is determined for

thus , equation (45) reduces to the form ,

2 f ”~ dx ’e~ 
~~ (a-x ’2)’12 

~ 4)

c . where a = (ct)2 - and O<aV2< d/2 • This intt~~r:i1 can be eva 1iia~~ d as

e~ 
2 ~l ~ 

= -l
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d/R0~ 1/30
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if the change ot variables, u=x’//~, is employed , and these result indiL:~t

that thenormalized ~ component of the electric field is independent of

time during this interval where d~i is finite , howe~er sn:~i 1 , and lu - ~--

t han d/2.  Therefore , the time response for the special broad ’;id(- i~~~

has zero rise-time and a constant magnitude until responses from all

points on the slot have reached the observation point; then, the field

decay -; in a manner described by equation (51).

It can be seen from Figure 7B that the approximate expression for

the 4-component of electric field (equation 49) is in error for / (r / ~~ )

= 0.75 at d/R0 
= 1/5 while the h

~ 
component of Figure 8B, as calculated

with the approximate equation, is exact even for d/R0 
= 1/5. If the slot

width-to-distance ratio is increased to 1/30 , the e~ components, calculated

by 1)0th numerical and approx imate expressions , are a lmost ident ical as

shown in Fi gure lOB ; and , if d/R 0 = 1/300, it is difficult  to distinguish

between the two computations as can be observed in Figure l3B. ~~~ t ‘ ( - / 2 ) l .

i t  appears that the approximate equation is valid even at d/R 0 = 1/5 (See

Figures7A , b A , and h A )  and tha t the accuracy of the approx imation is a

function of angular position as well as distance. The late-t ime huh~v i n r  of t h~
h component is exact in all cases as is evident from the hraph~ shcui

in Figures 8B, 1L&, 14A , and 11h.

Thu s, in summary , it has been shown with these results t L i t  t h e  t ‘ ic-

history of the far-field components of the planar slot is a ~ritica 1 f - :-,ct ion

of both angular position and slot width-to-distance ratio. ihe  ~
-
, m d

Il : components , which have the same basic shape , a re d i  st - i t  ~- -J f r  -

peaked broadside response for angles less than ninety det~rL-c- in

amplitude and shape.

41 

.~ - S- - ~~~~ ~~~~~~ 
— ---7--~~~~~ r—-i--— — - - .- •— .- -- 4 ~ - .5 5~ - .  

~~. — vs ..,-s - - .-
5- — ——  ~~~~~_fr~~~~~~ _ - — — -  ,_ -— — ----— 5-— - -  - ——- — - — -------— -- ---- --— -- — ____



V — —5-—--—- -—- -- - - - - - - - 5 -  5 - -  - - - — -5--- —5---—- —

:11 ‘UI I L J-}IENT ARI~AYS OF SLOTS

IVi th  the result— ; already obtained for the single slot in thi.s h~~~ -t i-

‘~:it ion it -is i c L i t  ivcly ea-;v to extend the theory , as well as the riur c-r i~ al

procedure , to th e array problem of Figure 1. Hence , if the surface

(‘(Itl i valence theorem is applied to the N-element planar array of s l o t h  of

Figure F’, then the composite magnetic current density can be expressed as

M x ,t) = 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(56)

where E~ I~x ’) is the electric field distribution on the nth slot , x~ is

the distance to t h e  center of the nth slot , t n is the “turn-on” time , and

dn is the width of the nth slot. Through the use of the magnetic current

density of equation (56) and the theory developed in Section II , equations

(36) , ( 37 ) ,  and (38) can be used to obtain integral expressions for the

N-element slot array of the form (See Figure 17 for geometry)

N ~X +d/2
E = 2~ 

~ 
n E~ (x ’) K 1[x ,y ,(t - -r~ ) , x ’]d x ’ (5~~;

n—l~ i,~

N x + d / 2
L = -2~ J ~ E~ (x ’)K 2 [x ,y , ( t - r ) , x ’]dx ’ (58)

~~~x -d/2

and N ~x -4-d/2
Il  = -

~~~~~ J 
‘~ En (x ’ JK3[x,y,

(t_T
n),x’IdX ’ (59)

where causality requires that (t-T~)>RJc for each individual term of t im e

~er i . — exj- ;ni- ion . The order of summation and integrat i on has been inter-

~h ian ~ cJ in the formulation and the kernel expressions are the same functions

42
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defined in equations (30) , (31), and (39) except that t is now replaced by

(t- -r~ ) .  These equations still represent c-xact expressions for the fields

of this two-dimensional problem involving ritiltiple slots.

Ihu s , as ~ in be seen from tiiese expressions , the array problem

s imp h i f i c— to the- sim~nat ion of the transient responses of N single slots

~ i L .  t i le  appropr ~te  time delay and position. The individual transient

response for each of these slots consists of a spat ial-shifted convolution

integral of the typ e investigated for the single slot which can include a

t ime dela\- , T
fl~ .\ graphical representation of the convolution integrals for

the ~rra)- is presented in Figure 18 for two t imes , T1 and T2 , as a function

of the spat ial variable .  As a result of the spatial distribution of the

field Lh . stribut ion , it is easily seen that the sum of the individual

i n t c p i — t l s -i dh i  consist of time-delayed responses of each array element .

For a t i i i i t e  spac i ng between elements , the total response is not continu-

ous as a result of the zero contribution between array elements; and ,

c sequcntL- , the t ime-history of the slot array is characterized by a

“serrated” or sawtooth-type waveforo . The shape of each serration of the

response is ii direct function ot  the pI’sit ion of the array element in re-

lation to the observation point , and each separate contribution can be

charact erized by both the rise-time and delay of the response of a single

element as a function of ~~~ / (~r /2 ) . The t ime delay , td, between peaks of

t ix -  sei r ; t ~~-ms ts a function of the spacing between edges of t lie arra~-

‘ - l ’ ~~ -n t s  such that , from Fi gure 17 ,

= t~ / (R 0/c) = (S~ - (d~
_d
~~1)/2)cos~~_ 1 /R 0 (60)

da r e  is the normalized time delay , S~ is the center-to-center spacing

c-I the nth and (fl4) th element . For an array of equally spaced , constant

44
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Figure 18. Graphical Representation of the orV~OfleIi t  f ield
integrals for an Array of Slot Sources.

45

~~~~~~~~~~~~~~ i7~~~~~Ti:1 ~~~~~~~:
’”e I I~I ~~~~~~~~~~~~~~~~ - -~~ _ _ _ _ _



u t ~i t h  e1e~ieats the time delay between response peaks become s

= S cos~ (61)

i_ n t~ - -~’ far-field where S is the normalized element spacing , S0/R 0, and

S0 i s  the actual element spacing . Thu s , the slot array is completely

.~ ract e r ice ~J by the response of the individual array element , the spacing

-~~~~5~~~ 5t  ( orient and the- total number of the element which de termines  the

a’~ -~ turc size and , therefore , the reg ion of max imum response.

- :- The expression for the ~-component of electric field of the N-element

a n :  (equation 57) has been solved using the numerical procedure uti l ized

for the investigation of a sing le slot source. The results of this computer

analysis f c c  a t~x~ and a three-element array of equally spaced , constant-

w i d t h  elements are presented in Figure l9 and 20, respectively , for

d i f f e r e n t  element spacings. For S 1  .0 , i .e . ,  all element s touching . ~~
-

resro rises , with  --~\mr.otrica1 placement of the array, are simply the transi-

out response of a siuble slot element of either twice or three times the

elerreat source u- . d th  for the appropriate array. this response cons ~sts of

a unit  oa~nit-ade , s ing le pulse with zero rise-time and a long “fall-time ’

characteristic of the single slot responses of Figures 7 , 8 , and 10 for

-~=-/2. For ~>l , the time-history of the total array consists of the sum

of the time-delorc-d responses of each of the array elements. For the three -

clement array, the response separates from the S=l case into a waveform having

two peaks . One of these peaks is a response from the center slot and the

other results from the remaining two symmetrically spaced elements which

arrive at th e same t une . There is a striking difference between these 
-contributions because the response from the center element is not drasticall y

dis torted because the time delay across this element is small and the  tine-
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dcii t r - for ~oiflt S on the off-center elements increases a~ a function of

posit ion uh i-:h results in deformat i on of the b~tci~ ~~r-c of tI.e re—ponse .

As shoi~n in the other cu~~-es of Figure 19, the second p~ ak is seen to deer-.

in both ma~ uitu de and width and to occur at later times for increases ia~

element ~i C 1 I -~~. Numerical :- e su l t s  for the two-el ement array are simiI:~i

t o  t h :~t ) t  the three element array without the first  peak of the center

element , :n-  - -nuLI be expected . The transient responses of 5, ~~~, and 9-

CtC Tflell t arrays of equally spaced , constant-width , slot sources is shoi~~

- — 
in I i turr - :- 21, 22 , and 23 , respectively, for ~~~( 1T/2) equal to 1 ‘-~ i i c h

shows that the array response is indeed the sum of the t ime-delayed re-

sponse of each array element. rn addition, the effects of changes in

element spacing and element widths in a 9-element array are dra r at i ze d  in.

- 

- 

Figures 24 and 25.
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SECT l f’N IV

CONCI US IONS

This report I - I ~esC1~LtS general expressions for  the t ran s ien t  radiated

e lec t r ic  and magnetic fields for a planar array of sources wit l  1 -r ou t  -

having known electric field distribution , as well as t ime delay,  i t C . t e- i

on an infinite , perfectly conducting plane. The analysis  of such arri y—

is based on the space-time Green ’s function approach to t i e  c l c - c t r i .  y e -ct - - i
potential l~~o~)I en rather than the more common frecuenc~- dor~a in appr oacl

- [11]applied to related prob lems .

Planar arrays of two-dimensional sources arc analyzed usiiii ~ :aui c :i c l

computation of the appropriate superposition integrals in conjunction ~iti

related Green ’ s function for constant amplitud e d is t r ibut ion  over the- in-

div idual apertures. Plots of th~ time history of the radiated f a r - f i e l d s ,

as well as near f ields , are presented for a single element and other ~i i 5 O V

configurations for the constan t amplitude distribut i on. Results of th e fieli.

amplitude variation as a function of observation an~ le ar e  p r e - ; & n t e d  f o r  t~~~-~

single element . N ot e that the tine history of an c le men t  is extremely sens it ive

to observation angle because of the time delay induced 1w the change in di riCO

a given response must travel to reach the observation p o i n t .

The time history of the fields for these array elemen t s  i~ c}- r . l c t -  r i — ~ t i
I

of the two-dimensiona l wave- equation solution where the history cor : - i r ~t s

of the response from the point on the element nearest the- po int of hscrvat i i

followed by rosj~ n-es which arrive la ter in  time from points more d ist i~ t on

the i n f i n i t e l y  long aperture. It is evident from the re spons e s of t h e  mu lt i -

c l eme nt  arrays that t h e  total response of the system is s ir r p lv  the l i n e a r

superposition of t i e  response of each element ;puro ~r i t t - -  s 1 - l t v - -~1 i n  C im ~ f o r
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Ha existing observation ang le. in addition , from Figure 24, it can be

E - ~~-rved t h a t  t h e  t ime response it  large d is t an c es  fro nt a f i n i t e  arra y
ip~i r o i e I i t - s  the  rt-sj -ons e of a single element f r r  l - r o t i d s i ~~ - o b s e r v a t i o n  b e ca u s e

t ime  delay  to  each element approaches xero .
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